We also quantify the effect of large loadings that exceed the linear viscoelastic limit, common 193 in oral processing (Goh et al., 2003) , on the measured magnitude of firmness, springiness and 194 rubberiness. 195 2. Fractional constitutive framework 196 To construct fractional constitutive equations in an identical fashion as classical constitu-197 tive models (e.g. the Maxwell model), Koeller (1984) defined a rheological element whose 198 stress is proportional to the fractional derivative of the strain. He called this two-parameter 199 viscoelastic element the 'springpot':
This constitutive response is a generalization of the classical dashpot and spring: for β = 1, 201 the springpot behaves as a dashpot, whereas for β = 0 it describes a linear elastic spring, as 202 depicted in Figure 2 (a). The front factor, denoted G, is equivalent to Scott Blair's quasi-203 property (originally denoted Ψ) and has units of Pa s β . The exponent β is a measure of the 204 frequency or temporal dependence of the material response, as well as the relative degree of 205 viscoelasticity, and, as such is related to the phase angle, tan(δ) in the material. The latter 206 parameter is more commonly used to describe the solid-or liquid-like nature of semi-solid
207 food gels such as cheese (Foegeding et al., 2011) . Various material responses can be described 208 with constitutive models derived from mechanical analogues that are constructed with the 209 springpot, and comprehensive reviews can be found in Schiessel et al. (1995) and Friedrich 210 et al. (1999) . 211 The fractional constitutive framework builds on ideas from fractional calculus, that incor-212 porate integrals and derivatives of arbitrary order (Podlubny, 1999; Mainardi, 2010; Jaishankar 213 and McKinley, 2014) . For compactness these derivatives are called fractional derivatives and 214 we give models, expressions and parameters derived from these derivatives the adjective 'frac-215 tional' as well as materials that can be mechanically described by these entities. 216 There are several alternative definitions for the fractional operator generically indicated by 217 Eq. (1). To conform to the initial condition for appropriate rheological tests of γ| t=0 = 0, we 218 use the Caputo derivative, which reformulates the fractional derivative into a fractional integral 219 through integro-differentiation (Surguladze, 2002) . The derivative in Eq.(1) with order 0 < 220 7 β < 1 is then defined as :
(2)
The constitutive response of the springpot (Koeller, 1984; Torvik and Bagley, 1984) is thus 222 equivalent to a Boltzmann memory integral with a power-law relaxation kernel, rather than 223 the more familiar Maxwell-Debye exponential form (or sum of exponentials) commonly used 224 in viscoelastic models (Ferry, 1980) . The Caputo derivative has a Laplace transform, which 225 for 0 < β < 1 is defined as (Podlubny, 1999; Surguladze, 2002) :
This enables us to derive analytical expressions for two standard linear viscoelastic shear 227 material functions (Bird et al., 1987) : the relaxation modulus G(t) and the creep compliance 228 J(t). In a stress relaxation experiment, a sudden step in shear strain γ(t) = γ 0 H(t) is imposed 229 (where H(t) is the Heaviside step function (Abramowitz and Stegun, 1964) ), and the resulting 230 evolution of the stress σ(t) in the material is measured. This provides the relaxation modulus 231 G(t) ≡ σ(t)/γ 0 for the material. By analogy the creep compliance, J(t) ≡ γ(t)/σ 0 is obtained, 232 by imposing a step in the shear stress acting on the sample, σ(t) = σ 0 H(t), and following the 233 evolution of the strain γ(t) in the material over time.
234
Other standard linear viscoelastic shear material functions, such as the storage and loss 235 moduli {G (ω), G (ω)}, are obtained by harmonic excitations in shear, also denoted as small 236 amplitude oscillatory shear (SAOS) experiments. To find the appropriate fractional expression 237 for these functions we use the Fourier transform of the Caputo derivative of the function γ(t), 238 which is given by (Schiessel et al., 1995) 239
whereγ(ω) = F {γ(t); ω}.
240
Equations (2), (3) and (4) 
Materials that are described by a single power-law (e.g. Eq.
(2)), have no characteristic 252 timescale that can be identified. A discrete spectral representation of the power-law kernel 253 in Eq.
(2), requires an infinitely broad spectrum of time constants (Ng and McKinley, 2008) .
254
However for a material displaying two power-law regimes, as described by the FMM, we can 255 unambiguously define one single characteristic timescale τ c by the parameter combination:
constant rate of displacement (Friedman et al., 1963; Bourne, 1968) or at constant strain rate (Luyten, 1988; Goh et al., 2003) . (2014)). Such indentation tests deform the material locally and are of 283 specific relevance when the materials with the lowest firmness are too weak to hold their own 284 weight. When using maximal force as a measurement for firmness, it appears that the relative 285 firmness of two types of cheese depends both on the rate and the degree (or extent) of com-286 pression (Shama and Sherman, 1973; Bourne and Comstock, 1981) . This gives an indication 287 that when measured instrumentally, firmness has both a viscoelastic as well as a plastic (or 288 flow) component.
289
Firmness is often intertwined with hardness (Jowitt, 1974; Peleg, 1980; van Vliet, 1991) .
290
Jowitt (1974) formations. This is in line with Scott Blair's findings that firmness is a time-dependent texture 297 attribute.
298
Two alternative studies indicate that firmness can indeed be measured with loading con- demonstrated that by plotting the creep compliance J(t), the best discrimination between a 305 soft and firm grade of therapy putty could be made. Ewoldt also showed that firmness is a 306 sensory texture attribute that cannot only be measured with tactile senses but also by vision 307 (Bourne, 2002b) as long as one probes the property over long time-scales. A soft material 308 will lose shape rapidly over time, an undesirable feature for a cheese that needs to be sliced 309 ( Fig. 1(a) ). 
and has units of Pa. The datapoints that are used to calculate the firmness F, of materials 318 A and B are indicated by the filled, colored square on the creep / recovery curve in Fig. 3 .
319
The corresponding time of observation t f is indicated by the hollow square on the time-axis. pointed out that the use of 'elasticity' is not correct and that should be reserved for the as-331 sessment of a modulus by hand. More recently 'elasticity' has been replaced by 'springiness' 332 (Szczesniak, 2002) in Texture Profile Analysis and it is defined in TPA as 'the rate at which a 333 deformed material goes back to its undeformed condition after the deforming force has been 334 removed' (Szczesniak, 1963a) . Davis and Blair argued that springiness is related to a time 335 of relaxation (Davis, 1937; Scott Blair, 1973) and that the sensation involved is an amount ing 'the tendency to instantaneously and completely recover from a large deformation after 343 removal of the deforming force', however he prefers to use the term rubberiness instead of 344 springiness. Foegeding and Drake (2007) link rubberiness to springiness by defining it as "the 345 degree of rubberiness experienced when biting in a sample". We propose that from a rheolog-ical perspective and based on the competing definitions above, it is justifiable and necessary to have two separate, distinct definitions for the springiness S and rubberiness R. Intuitively 348 the word 'springiness' deals with sudden responses that are evaluated over a short period of 349 time and thus the use of a rate is appropriate. As a consequence the term 'rubberiness' is used 350 to relate to the total extent of strain that is recovered at the end of the creep / recovery exper- thus unambiguously and mathematically defined as:
and has units of 1 / Pa s, which is equal to the inverse of the units of viscosity. In practice one 362 judges the springiness of a material such as cheese, by looking at the instantaneous response 363 when the stress is released. It is thus logical to take ∆t s << t f . We will use ∆t s = 0.1 s 364 when we report values for springiness in the remainder of this paper, which is a time close The rubberiness R, is defined as the extent to which a cheese returns to its original shape 375 during the interval (t f , t r ], where t r is the time we take for measuring rubberiness. If the strain 376 is fully recovered at the time t = t r , then R = 1. If there is no strain recovery at t = t r , then 377 the rubberiness R = 0. Thus R is mathematically defined as:
which is a dimensionless quantity, and where ∆t r is the elapsed time of recovery for measuring 379 rubberiness. In this paper we will use values of ∆t r = 10 seconds (hollow circle on the time axis 380 in Fig. 3(a) ) and ∆t r = 100 seconds, a time convenient to measure in the rheometer and which 381 corresponds to practical times of judging the attribute. By choosing ∆t r >>∆t s we distinguish 382 between the key features of the short and intermediate time response of power-law materials 383 and make springiness and rubberiness two distinct attributes.
384
To conclude, we want to address the suggestion that the definition of an antonym of a 385 texture attribute (Jowitt, 1974) or the definition of an inverse of a rheological property (Reiner 386 and Scott Blair, 1967) helps the comprehension of the differences between terms used. We 387 propose to follow Jowitt (1974) and call a food gel with a low level of firmness 'soft'. Foeged-388 ing and Drake (2007) defines 'softness' as easily 'moldable', we propose to use the latter term 389 as an antonym for the rubberiness R. For the springiness S Jowitt (1974) proposes to use the 390 antonym 'plastic', but this is a synonym for 'moldable' and has no sense of rate. We suggest 391 the use of 'squishy' instead (Yates and Drake, 2007) .
392
In this section we have given precise rheological definitions of firmness, springiness, and 393 rubberiness both in words as well as in terms of specific points on the creep compliance curve, 394 J(t), of a creep / recovery experiment ( Fig. 3 ). We will now use these rheological definitions to 395 derive expressions for firmness, springiness, and rubberiness using the fractional constitutive 396 framework. We subsequently refer to these definitions as the FSR-equations. 
:
and for the fractional Maxwell model 404
As before V and Gare quasi-properties, and 0 ≤ β ≤ α ≤ 1 are the fractional exponents.
405
For materials probed at strains within the linear viscoelastic limit which can be described 406 by a single power-law, or springpot element, the compliance is given by Eq. (10). Using the element becomes
This expression for firmness is in line with Scott Blair's observations (Scott Blair et al., favours a stress-controlled creep measurement ( Fig. 1(c) ) over the more common practice of 419 reporting a modulus from a strain-rate-controlled compression experiment ( Fig. 1(b) ); the for-420 mer experiment naturally exposes time effects and allows us to interconnect the firmness to 421 situations where stressess are applied for short times, such as sensory texture measurement, 422 or for long times, such as in storing cheese ( Fig. 1(a) ) .
423
The definition of the springiness S is given in Eq. 
When we divide both nominator and numerator in Eq. (13) by t β f and substitute the equa-429 tion for firmness , Eq. (12), and our definition for the recovery time, ∆t= tt f , we get
To derive an expression for the springiness S , we first define the elapsed recovery time at 431 which we measure as ∆t s = t s − t f . The numerator of Eq. (8) is then expressed as 432
Substituting this in Eq. (8) and writing out t s = t f + ∆t s gives
The springiness equation reveals that this attribute is indeed inversely related to firmness.
434
The time dependency of a springiness measurement is two-fold, it depends on the duration 435 t f of the creep phase and the time ∆t s over which the secant rate is measured. We have 436 depicted this two-fold time dependency in Fig. 4 where we have plotted springiness for the 437 two hypothetical materials A and B from the previous section (Fig. 3) . Recall that at a time 438 t f = 10 s these two materials were equally firm, and that material A (with the smaller fractional 439 power-law exponent) was the most springy. This is in line with what we read out from the 440 solid lines in Fig. 4(a) when we take ∆t s = 0.1 seconds (for the elapsed time at which we 441 measure springiness). However if we increase the value of the elapsed time ∆t s , we arrive at small compared to the time of measuring firmness, t f , the latter time indeed cancels out:
To derive an expression for the rubberiness R of the Scott Blair element, we begin with 449 the definition given in Eq. (9). Substituting the time t r in Eq. (14) and subsequently defining 450 this time in terms of elapsed recovery time, using t r = t f +∆t r gives:
When we substitute this equation for the compliance at the time at which we measure 452 rubberiness, J(t r ), into the mathematical definition of rubberiness, given by Eq. (9), we obtain 453 the following expression:
It thus appears that rubberiness is not a function of the quasi-property G of the material 455 directly, but of the two times ∆t r and t f , and the fractional exponent only. This two-fold time 456 dependency is reflected in Fig. 4(b) where we have plotted the rubberiness R, for the same 457 materials A and B as in Fig. 3 and Fig. 4(a) . For rubberiness we do not observe a cross-over of t f and ∆t r chosen. In rheological terminology this means that the long term compliance 463 of the recovery phase, modeled with a single springpot, will approach zero, so that all of the 464 imposed strain is recovered elastically. Jaishankar and McKinley (2014) showed that this long 465 term behaviour for J(t), Eq. (13), is approximated by
Since β < 1, the compliance thus monotonically approaches zero, which confirms the 467 response in Fig. 4(b) . The full elastic recovery of strain after a small applied deformation 468 within the linear viscoelastic regime is a hallmark of protein gels (Leocmach et al., 2014) .
469
Our FSR-equations consist of only these material parameters and a specification of the Fig. 5(a) . Here we display a frequency sweep performed on zero-fat Gouda cheese, a soft-491 solid, hydrocolloidal gel, at a temperature of T = 10 • C and water/protein ratio of w/p = 1.8. 
The magnitude of the complex modulus, |G * (ω)|, can be calculated from 503 |G * (ω)| = Gω β cos (πβ/2) 2 + Gω β sin (πβ/2) 2 = Gω β .
This set of equations shows that G (ω) can be predicted from G (ω) and vice versa and that 504 we can either fit equations (23), (24) or (25) to our dataset of G (ω), G (ω), or |G * (ω)| re-505 spectively. We choose Eq. (25) in combination with a least square optimisation procedure to 506 obtain G and β, since it gives the least bias towards either the G (ω) or G (ω) data points.
507
The reconstituted curve of the SB model, using magnitudes of G = 4 × 10 5 Pa s β and β=0.18, 508 is depicted by the solid lines in Fig. 5(a) . It shows that the model gives a good fit for both 509 the elastic and storage moduli, with only the two constitutive parameters, the quasi-property 510 G and the fractional exponent β.
511
The inset in Fig. 5(a) demonstrates that the phase angle is independent of the frequency 512 ω, which is a second typical feature of critical gels. This corresponds to what the Scott Blair 513 model predicts:
i.e. the phase angle is a function of the fractional exponent β only.
(blue circles) as used in Fig. 5(a) , at the same temperature of T = 10 • C. The dashed line 517 denotes the prediction of the compliance J(t), which is obtained by substituting the acquired 518 material parameters (from the SB fit to the data for the complex modulus depicted in Fig. 5(a),) 519 into the SB model expressions for J(t) in the creep phase, Eq. (10), and in the recovery phase, 520
Eq. (13), respectively. The hollow symbols in Fig. 5(b) , and in the log-log representation 521 of the creep phase in Fig. 5(c) and the recovery phase in Fig. 5(d) , show that we accurately 522 predict the evolution of J(t), from which we can then calculate the firmness F (circle), springi- response of the material and ranges from purely elastic (β = 0), to purely viscous (β = 1).
539
Our measurements show that its magnitude is related to the underlying microstructure and 540 composition of the material.
541
From the descriptions of the manipulations and observations required to evaluate the firm-542 ness, springiness, and rubberiness of cheese from textural analysis (Szczesniak, 1963b; Davis, 543 1937; Foegeding and Drake, 2007; van Vliet, 1991) we have deduced that the rheological 544 analogues of these attributes are all defined by specific points on the creep / recovery curve 545 (Fig. 3) . We have demonstrated that the fractional constitutive framework allows us to ob- Amblard, F., Maggs, A. C., Yurke, B., Pargellis, A. N., and Leibler, S. (1996) . Subdif-1 Three methods of assessing the firmness, springiness, and rubberiness of cheese: Springiness has units of (Pa s) −1 and is defined as the secant rate of recovery just after the stress is removed at t = t f + ∆t s , where ∆t s << t f . For each material, the dashed, colored, secant line goes through the correspondingly colored filled square and triangle. The absolute magnitude of the slope of the secant is equal to the springiness S . Rubberiness is defined as the relative extent to which the compliance recovers from the stress applied. If J(t) = 0 Pa at t = t r then the rubberiness R = 1. We have chosen t r such that ∆t r >> ∆t s . Material A (red) is more springy and more rubbery than material B (blue). (b) The same experiment as in (a) but now plotted on a log-log scale, without the recovery phase and with the creep phase extrapolated (dashed line). The plot shows that A and B are power-law materials: J(t) ∝ t β , where β is the power-law exponent. This plot emphasizes the importance of controlling and reporting time when assessing firmness: only at t f are the two materials equally firm, before or after this point the material with the lowest compliance is the firmest. In the text we also demonstrate that the magnitude of the springiness and firmness are also dependent on the time of observation chosen. For times t f >10 s, material A is firmer than material B, which corresponds to what we have depicted in Fig. 3(b) . (c,d) Springiness is hardly affected by the value of t f . All iso-springiness lines slope downwards as the exponent β increases. For materials with equal fractional exponent β, the material with the smallest value of the quasi-property G is the most springy.
